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Abstract—Finite-difference solutions for unsteady flows over a stationary sphere due to a step change in
the free-stream velocity from U, to U, (0 < U, < U,) are obtained, from which the unsteady drag is
evaluated, for Reynolds numbers, Re (based on the diameter of the sphere and the free-stream velocity
U,), ranging from 0.1 to 100 over a large range of time. The history force on the sphere is determined
by subtracting the quasi-steady drag from the computed total drag. The numerical result shows a
complicated behavior of the history force at finite Re for both U, =0 and U, > 0. It decays as ¢~ for
small time; it then decays as ¢ " (n 2 2 with n = 2 for small Re) for an intermediate range of time; and
it decays exponentially at large time. The numerical results are used to assess a recently developed
expression for the history force for finite Re. Good overall agreement is observed for the history force
between the analytical prediction and the finite-difference solution for small and intermediate time for the
Re values tested.
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1. INTRODUCTION

In order to predict unsteady motions of particles (including droplets and bubbles) in a carrier fluid,
a precise knowledge of the unsteady forces on the particles is required. In steady state, the drag
on a particle due to the fluid flow is mainly dependent on the Reynolds number, Re, which is based
on the relative velocity and the particle diameter. In many situations, significant variations in the
velocities of both the fluid and particles are encountered, such as particles suspended in a high-speed
mixing layer where large spatial velocity gradients exist, high-pressure spray injection of liquid fuel
in combustors, among others. The acceleration of the relative flow thus introduces an additional
complexity, especially at finite Re, to the dynamics describing the particle motion and it needs to
be properly taken into account.

The earliest works related to the unsteady drag on a spherical particle were those of Stokes (1851)
and Basset (1888). Their results were derived in the frequency and time domains, respectively, in
the creeping flow regime for zero Re. Odar & Hamilton (1964) performed carefully controlled
experiments to measure the unsteady drag on an oscillating sphere in a stagnant oil tank for
Re < 62. Modifications on the history force and the added-mass force were proposed based on an
acceleration parameter (Odar 1966). Their empirical result has been used, for example: by
Schéneborn (1975) to correlate his experimental results for the reduction of the particle settling
velocity in an oscillating flow field; by Clift ez al. (1978) to predict the motion of a falling sphere
in a stagnant liquid pool with large Re based on the terminal velocity; and by Linteris et al. (1991)
to study the droplet dynamics in a nonuniform flow field. Temkin and coworkers (Temkin & Kim
1980; Temkin & Mehta 1982) deduced a drag coefficient as a function of Re and flow acceleration
from accurate photographic measurements of droplet trajectories induced by weak shock waves
in a horizontal shock tube. It was found that when the flow relative to the droplet is accelerating
(decelerating), the drag coefficient is smaller (larger) than the steady-state value at the same velocity.
This trend directly contradicts the prediction given by the solutions of Stokes and Basset and
the experimental results of Odar & Hamilton (1964), Schéneborn (1975) and Karanfillian &
Kotas (1978) regarding the effect of flow acceleration on the unsteady drag. Recently, Tsuji et al.
(1991) measured the unsteady drag on a sphere due to a finite fluctuation of the free-stream velocity
at high Re (~8000-16,000). The results clearly show that the instantancous unsteady drag
should be larger than the corresponding steady-state value at the same velocity when the flow
accelerates.
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Recently, Mei and coworkers (Mei 1990, 1993; Mei er al. 1991; Mei & Adrian 1992) showed,
through detailed theoretical and numerical analyses, that the force on a sphere in an unsteady flow
field consists of a quasi-steady drag, a history force, an added-mass force and a force associated
with the free-stream acceleration for Re <200. At finite Re, the quasi-steady drag can be
represented by using the standard steady-state drag coefficient and the instantaneous velocity; the
added-mass force is the same as in the creeping flow and potential flow regimes; the history force
has a kernel that decays as ¢ '? for small time and as ¢ ~? for large time. An approximation for
the history-force kernel was derived for finite Re (Mei & Adrian 1992). In Mei (1993), the analytical
prediction of the total unsteady drag on an oscillating sphere in a stagnant oil tank based on this
approximation was shown to be in fair agreement with the experimental results of Odar &
Hamilton (1964) at finite frequencies. The predicted velocity for a falling sphere in a stagnant liquid
pool was in very close agreement with the experimentally measured values over a large range of
Re (Moorman 1955). The particle dynamic equation proposed in Mei & Adrian (1992) agrees in
principle with the experimental results of Odar & Hamilton (1964) and Tsuji et al. (1991) and
approaches Basset’s (1888) solution for the unsteady drag in the limit as t —0 for small Re. For
an oscillating sphere at finite Re (Mei 1993), the quasi-steady force is shown to be the dominant
term in the total drag and its representation using the steady drag coefficient and instantaneous
velocity is accurate at low frequency. At high frequency, the quasi-steady force based on the steady
drag coefficient results in an O(1) error (an overestimation) in comparison with an asymptotic
solution. However, this error is very small in comparison with the leading order terms (added-mass
and history forces) in the total drag at high frequency. Mei (1993) also pointed out that the
modifications on the history force and added-mass force by Odar & Hamilton (1964) were not
physically sound, because they do not give correct long-time asymptotic decay of the history force
and do not approach Stokes’s (1851) solution as Re—0. Their expressions for the history force and
added-mass force both exhibit unphysical behavior at some particular instant in a purely oscillating
flow, but tend to cancel each other in the expression for the total unsteady drag for the oscillating
flow. They do not approach the limiting behavior of Basset’s (1888) solution at small time. In
summary, the carefully controlled experimental results of Odar & Hamilton (1964), Schoneborn
(1975) and Tsuji et al. (1991) at finite Re agree qualitatively with the classical theories of Stokes
(1851) and Basset (1888) for zero Re and the recently developed theory of Mei & Adrian (1992)
for finite Re, while the carefully obtained experimental results of Temkin & Kim (1980) and Temkin
& Mehta (1982) showed the opposite trend. Because of the particular setup using a shock tube in
the experimental investigations by Temkin & Kim (1980) and Temkin & Mehta (1982), it appears
that the particle dynamics involving a sudden change in the free-stream velocity must be understood
first at finite Re.

For the impulsively started motion, U, = 0, an analytical solution for the unsteady drag has been
obtained by Sano (1981) for Re« 1 using the method of matched asymptotic expansions. The
unsteady drag was found to approach to the steady value as ¢ * at long time. However, the result
is for very low Re, strictly speaking. In this study, the unsteady flow has a zero acceleration at ¢ > 0.
The difference between the steady drag and unsteady drag will be taken as the history force. As
just mentioned, there is some error in representing the quasi-steady drag by the steady drag at high
frequency or small time. However, the variation in the flow field at long time is very small, so the
quasi-steady force is accurately represented by the steady drag. Thus, the long-time history force
can be accurately computed, while the short-time history force has an O(1) error; which is rather
small in comparison with O(z~"?). It is not clear if the history force to be computed for this
particular unsteady flow should decay as ¢~ or not at long time for finite Re.

In Mei & Adrian (1992), an unsteady flow over a stationary sphere due to a small oscillation
in the free-stream velocity, aU e~ (x < 1), was investigated. An expression for the history force
that leads to a ¢~ 2 decay at large time was given (see {7a, b]). However, the results were derived
from an interpolation in the frequency domain based on the asymptotic limits of the history force
at low and high frequencies:

—fu(Re")St

2f%(Re)St "2V’ m =2, (]
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R
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in which St = wa/U is the Strouhal number, Re’ = Re/2, f,, is given by [7b] and D,,,, is the imaginary
component of the history force coefficient in the frequency domain [see Mei & Adrian (1992) for
details]. In the low-frequency end, it was only established that the history force is proportional to
the frequency, Dy (St) ~ fu(Re”)St as St—0, through numerical computation (Mei ef al. 1991) and
asymptotic analysis (Mei & Adrian 1992). If a different form of interpolation for the history force
was used, e.g. by choosing m # 2 in [1], but with the same low- and high-frequency asymptotic
limits, one would get, through numerical integration, a history force with a long-time decay in the
form of ¢+~ in which n may not necessarily be equal to 2 at finite Re. The determination of the
long-time behavior of the history force thus requires a precise knowledge of the history force in
the frequency domain, which is very difficult to obtain accurately.

Because of the particular nature of the acceleration of the flows with a step change in the
free-stream velocity from U, to U, (0 < U, < U,), the history force can be determined in the time
domain through careful computations using a finite-difference method. The result allows for an
examination of the exact (except for the truncation error and machine error) long-time behavior
of the history force and for an assessment of the particle dynamic equation proposed by Mei &
Adrian (1992) in the case of zero acceleration following an impulsive acceleration in the free-stream
velocity. In this paper, finite-difference solutions for the unsteady flow field are obtained for Re,
based on the diameter of the sphere, ranging from 0.1 to 100. Two cases are considered: (i) U, = 0;
and (ii) U, > 0. For the impulsively started flow, U, =0, the initial field is vorticity free, while for
U, > 0 there already exists a steady vorticity field at finite Re. The long-time behavior of the history
force may be influenced by the structure of the steady vorticity and the comparison between these
two cases shall show if such effects are important or not. It is found that the existing steady vorticity
has no significant effect on the qualitative behavior of the long-time history force. The history force
decays as ¢ ' for small time, say ¢ < 1; it decays as ¢ =" (n > 2) in the intermediate range of time,
say ¢ ~ 10; and it finally decays exponentially at very large time, say ¢ > 100, in which ¢ is made
dimensionless by U, and the radius of the sphere. Good overall agreement between the analytical
prediction using the expression of Mei & Adrian (1992) and the present numerical result is achieved
for small and intermediate time.

2. ANALYSIS

2.1. Particle Dynamic Equation at Finite Re

For a stationary sphere experiencing a small fluctuation u{(¢’) in the free-stream velocity U’ with
lui(t)|«U’, Mei & Adrian (1992) obtained the following expression for the total unsteady drag
at finite Re:

F(t) = Fos(t') + Fy(t") + Fau(t') + Fis(t), 2]

where F is the quasi-steady drag as if the acceleration of the flow is vanishingly small, Fj is the
history force (or the memory force), Fj, is the added-mass force and Fiy is due to the unsteadiness
and the spatial nonuniformity of the free-stream velocity. If the sphere oscillates while the free
stream is steady and uniform, Fs(¢") = 0. In this paper, the prime denotes dimensional quantities
unless otherwise mentioned. These forces are given, respectively, as

Fis(t) = 6mual (")} (R), g
Fiy(t") = 6nua fr K@t — r)gg dr, [4]
Fan() =3pna® S 51

and

’

" DU
Fes(t )=§Pr7‘asD—t,, [6]
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with the history-force kernel being

’ 1/4 U” 112} -2
K=o~ {[m T T)v] * [g afa®e) T)Z] } el
and
fu(Re) =0.75+0.105Re, Re= zavU/ , [7b]

where u and v are the dynamic and kinematic viscosities of the fluid, p; is the fluid density and
a is the radius of the sphere. The factor ¢ (Re) accounts for the deviation from the Stokesian drag
for Re(z’) > 0. Many forms of ¢ (Re) at different ranges of Re can be found in Clift er al. (1978)
and the following forms are considered accurate for practical purposes:

3
¢=1+T6R°’ Re £0.01,

=140.1315Re"®-9%% (0] < Re < 20,
=1+0.1935Re"™, 20 < Re < 260, [8]

with w =log,, Re. In [8], Re takes the instantaneous value.

The expression for the history-force kernel given by [7a] for an unsteady flow over a stationary
sphere was based on: (i) the numerical result of the small-amplitude free-stream oscillation at
finite Re for a wide range of frequencies; (ii) the asymptotic result of the small-amplitude
oscillation case at small Re and low frequency, which gives the long-time behavior of the
kernel K(t' - t); (iii) the Stokes solution for high-frequency oscillation; and (iv) the principle of
causality, i.e. the motion of the particle can be influenced only by its previous history, not by
its future behavior. The important feature of this modified history-force kernel is that it decays
as (t'—1)? at large time as opposed to (¢' — 1)~ "2 as derived by Basset (1888). This implies a
much more rapid decay of the initial condition or disturbance on the particle motion in an unsteady
flow.

Although the theory was developed for both small and finite Re, the accelerations of these
unsteady flows investigated by Mei and coworkers (Mei ef al. 1991; Mei & Adrian 1992; Mei 1993)
were nevertheless quite well-behaved in comparison with that involving a shock wave as
investigated by Temkin & Kim (1980) and Temkin & Mehta (1982). In addition, the added-mass
force was deduced based on the asymptotic behavior of the high-frequency oscillation; the history
force was determined by subtracting the added-mass force from the total imaginary component of
the unsteady force in the frequency domain (see Mei 1990; Mei er al. 1991; Mei 1993). The
correctness of the low-frequency behavior of the history force was thus based on the assumption
that the added-mass at low frequency is the same as that at high frequency. Although this
assumption was confirmed by Rivero er al. (1991) for an oscillating flow and a constantly
accelerating flow over a sphere, by carrying out an ingenious numerical procedure to separate the
contributions to the total unsteady force from the history force and the instantaneous added-mass
force, it is not tested for other types of flows yet.

It is commonly viewed that the added-mass force is a force related to the instantaneous
acceleration. For an unsteady flow over a stationary sphere due to a sudden change, from U, to
U, (0 < U, < U,), in the free-stream velocity, the acceleration is zero at ¢’ > 0, which results in a
zero added-mass force for ¢’ > 0. Since the quasi-steady force can be determined from the steady
drag corresponding to U,, this special unsteady flow thus allows for a complete separation of the
history force from the added-mass force and the quasi-steady force. It also represents a severe fest
case for the history force expression given by [7a, b] because the acceleration function is strongly
singular, while in previous studies it was rather well-behaved.

For a step change in the free-stream velocity, the evaluation of the history force is not trivial.
Let AU = U, — U, be the velocity change, say due to a weak shock wave produced in a shock tube
(Temkin & Kim 1980; Temkin & Mehta 1982), the acceleration is dU’/d¢" = AUS(¢’), with 6(t")
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being the Dirac delta function defined as 6(¢") =0 for ¢’ # 0 and {3 6(¢") d¢’ = 1. From [5] and [6]
the forces related to the instantaneous acceleration are

Fiu(t") =3pma® AUS(1) 9]
and
Fis(t) =3pema’ AUS(?). [10]

For ¢’ > 0, the previous discussion leads to the following expressions for the quasi-steady force and
the history force:

Fos(1") = 6npal, ¢ (Re) (1]

and
t
u(t) =6nua j K@’ —1)AUs(r)dr
o-

= 6rua AUK(1"). [12]
The total drag on the sphere for ¢* > 0 in the above theoretical framework is thus

)

AU .

Since the total drag F1(¢") for ¢” > 0 can be obtained accurately by numerically solving the flow
field around the sphere and integrating the stresses on the surface of the sphere, the history-force
kernel K(¢’) is determined from [13a] as

N U [Fr)
K@)= AU |:61ruaU2 ¢(Re):| . [13b]
The steady value ¢(Re) in [13b] is obtained from
_ Fi(o)
¢(Re)= §mpal,’ [13c]

The numerical procedure for obtaining F;(¢) is outlined below.
2.2. Finite-difference Solution for the Unsteady Drag with a Step Change in the
Free-stream Velocity

2.2.1. Governing equations, boundary and initial conditions

Using the stream function-vorticity, (', {’), formulation, the unsteady Navier—Stokes equation
for axisymmetric flow in spherical coordinates (r’, 8) is

a F R . a a./// C’ a a'p/ CI _ 2, r.7 ar
at,(Cr 81n0)+81n9[60(ar, m>—57<¥7_1-8n’1—0‘ =v9 (Cr Slﬂ0) [14]

and
DN’ ={"r"sinb, [15]
with

3 singo (1 9
’2::—-— —_— —
7 wd+rdae@mow)' (6]
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In the above, 0 is measured from the front stagnation point. The boundary conditions for y' and
{"att >0 are

'/Il=W=O onr’=aq, (17]

y'=0=0 on §=0 and = (18]
and

Y = 3U,r?sin’0 as r'—>oo. [19]

Two slightly different flows with different initial conditions are considered. For the first case,
U, =0; and the initial conditions can be given explicitly as

W, r,0) =0t r,0)=0 att =0. [20]

For the second case, U, > 0; the initial condition must be obtained by solving the steady flow field
corresponding to U = U;. Upon introducing the following dimensionless quantities,

r=rla, t=t'Ufa, u=u'|Uy,, Y=y’ |(U,a%), {={alU,, P*=a’9", [21]
and defining

y=rsinb [22]
and
g=0, 23]
[14] and [15] become
and
7Y =g; (25]
the boundary conditions are
b=¥ o0 o r=, [26]
y=g=90 on =0 and = (271
and
Y ~1ir?sinff as r- . [28]
In [24],
Re = U,2a/v [29]

is the Reynolds number based on the free-stream velocity at ¢ > 0 and the diameter of the sphere.

For the impulsively started flow over a stationary sphere, U, =0, an accurate solution for the
stream function can be obtained at 7«1 by solving the unsteady Stokes equation, as given in
Bentwich & Miloh (1978):

ar\\
y(t,r,0)=sin® 9{%r2 —~% [1 + 3(;) + 3t]

+ %t"z[(%)m exp(—n?) —2n erfC(n)]

3t 4\'"? 2
+5- [(l + 2nerfe(n) — (;) n exp(—1 )]} , (30]
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where n = (r — 1)/(4t)'?. From [30], the discrete values of g(z,r,0) can be evaluated in a
finite-difference form. Such solutions for ¥(¢,r,0) and g(t,r, ) are used as the actual initial
condition at, say, ¢t =0.001 (for accurate short-time solution) or 0.1 (for accurate long-time
solution). Because the computation is carried out for ¢ >0, the forces associated with the
instantaneous acceleration, Fj,y(¢) and Fgg(?), do not show up in the total unsteady drag. Thus,
[30] is used rather than [20].

For the second case, the steady flow field at Re, = U,2a/v is first obtained. An increase in the
dimensional free-stream velocity, which results in Re = U,2a/v based on the new free-stream
velocity, is then specified at + = 0. After re-scaling the dependent and independent variables using
the new free-stream velocity U,, the initial value for the stream function, (¢ = 0, r, §; Re), remains
the same as that given by the steady solution at Re = Re,, Y (t —» o0, r, #; Re,). The initial value
for the vorticity-related function, g(¢ =0,r, 8; Re), becomes (U,/U,)g(t—c,r, 8;Re;) after
rescaling by U,.

2.2.2. Clustering of the grid and discretization of the equations

The numerical computation is performed in a physical domain of 1 <r <rg and 0 < 6 < n using
N, = 65 or 129 grid points in the #-direction and N, = 65, 129 or 257 grid points in the r-direction.
The following transformation is applied to place more grid points near the surface:

r=1+(rg— {1 —c tan'[(1 — x;)tan(1/c)]}. [31]

Here, x, is the normal coordinate in the computational domain with 0 < x, < 1.

The determination of rg turns out to be a very subtle and important issue. One of our goals in
this paper is to understand the long-time behavior of the history force. However, the history force
is basically an accumulated effect (in the temporal direction) of the entire flow field. For small time,
the rapid change in the vorticity field occurs near the sphere and the size of the physical domain
rg is not important. Since the dimensionless convection speed is one, the disturbance travels as
x ~t, while the additional distance due to the viscous diffusion is x ~ (¢/Re)"*—which may be
neglected for finite Re and large 7. Due to the lack of knowledge of the effect of boundary
conditions on the history force, we do not wish to see the disturbance reflected back from the
boundary at r = rg, which may affect the long-time behavior of the history force. It turns out that
the long-time behavior of the history force is not clear until ¢t ~ 200 to 300 for Re < 10. Thus, a
very large rg is desirable. In this study, the history force at large time (beyond ¢ = 250) for Re = 0.1,
1, 10 and 100 is obtained with (rg, ¢, N,) = (1200, 0.642, 129), (600, 0.645, 129), (600, 0.642, 257)
and (300, 0.642, 129), respectively. For Re=10, N,=257 is used with the first grid size
Ar =0.01985, because we want to minimize the effect of the truncation error on the long-time
history force. When N, =129 is used for Re = 10 under otherwise identical conditions, the decay
behavior of the history force does not change. Thus, N, = 129 is used for the other three values
of Re. As will be discussed later, the small-time result computed separately with smaller grid and
time-step sizes can be joined smoothly with the long-time result to give an accurate history force
over a time span of 4-5 decades. For Re =40, (rg, ¢, N,) = (100, 0.645, 129) is used with N, = 129
and the computation is carried to ¢ = 80 from which the long-time behavior of the history force
can be inferred.

The second-order spatial derivatives are expressed using central difference. The convection term
is discretized using a second-order upwind scheme in a conservative form (Mei & Plotkin 1986).
This eliminates the numerical oscillation in space and enhances the convergence for higher values
of Re over the central-difference scheme. The time derivative is evaluated using a backward Euler
scheme which is implicit and first-order accurate in time. The numerical boundary condition for
the vorticity is evaluated from the stream function on the grid points near the wall using a
second-order-accurate expression derived by Briley (1971). The solutions for i and g are obtained
in an iterative manner using a tridiagonal solver in the normal direction with a relaxation factor
for the wall vorticity update.

2.2.3. Time-step size and iteration procedure

To capture the rapid transient accurately, the time-step size in the initial computation is
Az =0.001 except for Re = 100. It is gradually increased to 0.002, 0.005, 0.01 or larger, depending
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on Re. At each time step, a large number of iterations (typically between 160-200) is executed.
Although not optimized, the computation yields consistent and accurate results for the unsteady
drag. Numerical solutions are accepted to be grid independent when the unsteady drag using
N,=65 and 129 agree within 1% for the history force at ¢ ~ 0.1 under otherwise identical
conditions. It is found that the numerical result for the unsteady drag is repeatable using different
values of time-step size on the same grid. For Re = 100, details are given in section 3.1,

To obtain accurate long-time behavior of the history force, separate runs are carried out with
At =0.1 between ¢t =0.1 to 50 for Re =0.1, 1 and 10. After 1 = 50, computations are continued
with Ar =0.25 or 0.5 to save on computational effort. For Re = 100, Az = 0.1 is used for ¢ = 0.1
to 250. The results to be presented later are obtained simply by joining the short-time (typically
for t <0.1 to 0.5) and the long-time results. Such a combination with different values of r¢, N,,
¢ and Atf can be quite smooth in the overlapping time intervals.

It is noticed that Y (¢, r, ) ~ ir?sin’ 6 as r—oo. For rg = 1200, the stream function at t = 10
ranges from 0.00485 (first grid away from the wall) to 720,000 at r = r;. Such a large variation
in y, by a factor of 10%, causes numerical inaccuracy in solving [25]. To minimize the computational
error, the stream function ¥ (¢, r, @) is separated into two parts: a steady potential part that accounts
for the large variation in ¢ and a viscous unsteady part to be determined:

Yt r, 8)=y,(r,0)+y,(1,r,0) (321
and
Y, (r, 0) =3(r* — r")sin? 0. [33]
The equation for (1, r, ) is
Py, =g. (34]
The boundary conditions for y, in the r-direction are:
v,=0 atr=1; 6-(;/:_,,20 atr=rg. , [35]

The condition for y, at r = r; is better than setting ¥, = 0 because it allows for the incorporation
of the displacement effect of the viscous flow. Double precision is used for all the computations.

The procedure for evaluating the drag, which consists of a pressure component and a viscous
component, is given in Mei et al. (1991). The history-force kernel K(¢") for both U, =0and U, >0
can be determined from [13b].

3. RESULTS AND DISCUSSIONS

3.1. Accuracy Test

For a step change in the free-stream velocity from U, =0 to U, =1, with finite Re = 2aU, /v,
accurate numerical solutions were obtained previously by Dennis & Walker (1972) using
boundary-layer coordinates in the initial stage and switching to physical space at later times. The
initial condition was based on the unsteady boundary layer solution which is accurate for small
time. Figure 1(a) compares the computed drag (normalized by the Stokes drag Ds = 6nul,a),
D(t)/Ds, with that of Dennis & Walker (1972) for Re = 40 and 100. Excellent agreement can be
observed.

Figure 1(b) compares the normalized unsteady drag for Re =10 and small time using three
different grids, (r;, ¢, N,) = (50, 0.655, 65), (90, 0.645, 65) and (90, 0.645, 129), with Ar = 0.001. At
small time, the vorticity is confined to the Stokes layer and the size of the physical domain, r¢,
is not important. It can be seen clearly that the solutions are independent of the grid size for
t > 0.02. For Re = 40 and 100, grid-independent solutions were obtained (not shown here) between
N, =65 and 129 at ¢ ~ 0.06. From figure 2(b) it can be seen that a coarser grid leads to stronger
oscillation at the beginning of the computation than a finer grid. This oscillation was due to the
fact that the finite grid size cannot resolve the initially very thin Stokes layer. It dies out fast and
does not affect the solution at later time when the unsteady boundary layer grows and the grid



517

HISTORY FORCE ON A SPHERE

"1'0 =2y "101d Soj-Turss (q) ‘10d
fop-3of () :suonoipasd snolieA U0 Paseq | O} ( Woly A)O0JoA WedI1s-091) 3y} ur 3Fueys days B 01 anp a1ayds e uo 3010§ AI10351Y 3Y) Jo uosuedwo) -z anBig

1 008 00L 009 00§ O0OF O00E 00Z 001 O 1,01 01 0F 401 0T .01 (.0l
i ] P | S, 3 1l L “loﬂ PR S Y Jaa A - e, Saana —iR eloﬂ
[
N (Y961) UOHTWRH % JBPO  ovovmevenee . or
R S (Z661) TPUPY B N — e
E .. 5-01 .A . or
eI FDUARIAP NI WA e | ¥~
f onowdmAse (1861) owrs —— §
m.
] F-¢.01 ﬁ,.u. (8381) 18SBE  c.cooeeene
SOUSIOPIP AL 1NN e . -0l
3 onoydiuAse (186T) OULS . omomo ] — -0
3 .01 ~ .
(O / <2z o9l oy
1'0=9Y 1'0=94 (e)
. S — R Y e S — L01

‘01 = 99 e Se1p pandwod 3yy Jo Avendoe oY) uo juswsiueire puld
) Jo 1994 (q) "YI0M Juasard—saaInd (zL61) IoN[eM ¥ STUUS—S[OQUAS ‘001 PUR Op =Y 18 S@/(7)@ a0 Jeip ayy jo uosuedwo) (e) ‘| amSig

1,.01 201 ¢-01 loz $'1 01 <0 00
P OO.— P i . PR B °
!
6TI=IN 06=1 SPO'C=0  -oemovme ﬁ
A S9=IN ‘06=1 'SV 0=0 o ov=od [
| SR J—
o
!
£ =
] 100 § ] 0L 2
= 001=9Y g
% s
f ﬁ
- — 201 — 4

C)] ()



518 R. MEI

resolution becomes sufficient. For this reason, the flow fields for all Re at small times are obtained
using N, =129. For Re =40, (rg, ¢, N,) = (50, 0.645, 129) are used for ¢ < 0.1 with Ar =0.001].
Another solution is obtained using (rg, ¢, N,) = (50, 0.645, 65) for 0.001 <t < 10 to minimize the
amount of computational effort. The long-time history force is obtained using
(re, ¢, N,) = (100, 0.645, 129) and N, =129 for ¢ < 80. It is found that in the overlapping regions,
these solutions agree very well with each other and can be joined very smoothly. For Re = 100,
(rg, ¢, N,) = (25, 0.64, 129) are used for the initial calculation, r < 0.1, with Ar = 0.00025 to resolve
the very thin unsteady boundary layer. A second run with (rg, ¢, N,) = (50, 0.645, 129) was carried
out for 0.001 < ¢ < 10 with Az =0.001. For this grid, the physical domain is large enough for
¢t < 10. A third solution was obtained using (rg, ¢, N,) = (50, 0.645, 65). For t > 0.06, the results of
(rg, ¢, N,) = (50, 0.645, 129) and (rg, ¢, N,) = (50, 0.645, 65) agree very well, which indicates that: (i)
the solution for Re = 100 is grid independent at small and intermediate times; and (ii) the solutions
for the history force obtained on different grids with different time-step size and physical-domain
size can be joined smoothly. As mentioned earlier, the history force for ¢ ~ 100 or larger is obtained
(by starting from ¢ =0.1) on a much larger physical domain.

3.2. Decay of the History Force

3.2.1. Impulsively started motion from U,=0to U,= 1

For an impulsively started motion in the free-stream velocity from U=U,=0to U= U, =1
with Re « 1, an analytical result based on matched asymptotic expansion for the unsteady drag was
given by Sano (1981) as

D(1) 1 , 4
oo =1+ +§-Re[<1+ﬁ>erf(%ﬁ)
2 e‘”4~§——1——~ +18(t) + O(Re?log Re’
1 gRe), [36]

it
Re’
2
+—1{1-=
Q/nT( T 3. /aT

where Re’ = Re/2, T = Re’ ¢ and the delta function §(z) results from the added-mass force and the
force due to the free-stream acceleration at ¢ =0. It is noted that the steady-state drag D, is
D D
Do _ jjm PV
Ds  i-w6nul,a

=1 +3Re’ + O(Re? log Re). [37]

Thus, the history-force kernel can be deduced from the above as

1 4 2 2 8 1
Ksano(1) = ———+3iRe’ (1+-——->erfl T +—-——(1———>e'”“——~———]——lke’. [38]
Sano (1) ms[ 7 )efeV/D+—=(1-73 = |
\ Re’

In the limit of large ¢, Kg,,(¢) ~ 3/(Re 1?).

Figure 2(a) compares five different predictions for the history force in log-log coordinates for
Re = 0.1. They are: Basset’s solution (1888); Sano’s (1981) solution; the finite-difference solution
outlined above, which is considered to be the exact solution; Mei & Adrian’s (1992) expression
given by [7a, b}; and Odar & Hamilton’s (1964) expression. Based on Odar & Hamilton (1964),
the history force in the present case with an infinite acceleration at ¢ = 0 is the original Basset force
multiplied by a factor of 0.48. At small time, say ¢ < 1, the decay of K(t) is clearly 7="2. It can
be seen that all predictions agree well for ¢ < 1, except for that given by Odar & Hamilton (1964).
It was pointed out in Mei (1993) that Odar & Hamilton’s (1964) empirical expression does not
approach the limiting value of the history force for # « 1 given by Basset (1888). Therefore, the
predictions using Odar & Hamilton’s expression for other Re will not be presented. The Basset
solution for ¢ > 1 decays too slowly and it is not recommended, in general, for the evaluation of
the history force at large time. Of course, as Re—0, the validity of the Basset solution, K(#) ~ 2,
will be extended to larger time. However, if one fixes the Re first, no matter how small, there will
be a time beyond which the Basset solution is not valid. Nevertheless, in practical cases, the Basset
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solution can be used for very small Re for small and intermediate time which could be even larger
than the physical time scale of interest.

At intermediate time, ¢ <200, Sano’s (1981) analytical result agrees well with that of the
finite-difference solution obtained using (rg, c, N,) = (1200, 0.642, 129). However, for ¢ > 200, the
finite-difference solution clearly shows a decay faster than ¢~2 In fact, the decay is even not
algebraic anymore. As shown in figure 2(b), the history force actually decays exponentially for
t > 260, as

K (1) ~0.001783 ¢~ for ¢ > 260, [39]

as opposed to Kg,,, () ~ 3/(Re t?) for large . Note that the physical domain is r < r; = 1200, which
is still much larger than the distance traveled by the disturbance originating from the sphere at
t ~ 260. The stored flow fields at # = 200 and 600 do indicate that in the wake region the vorticity
has a “rapid” drop-off (seen on the log scale) near x ~ 200 and 600, respectively. In the remaining
grids between x ~ 600 and x = 1200, the vorticity is zero for ¢ = 600. Thus, the numerical boundary
condition at r = r; given by [35] should not have any effect on the history force for ¢ < 600. The
simple exponential decay, [39], continues to hold up to ¢ =800 when the computation is ended.

The expression given by Mei & Adrian (1992) underestimates the history force for ¢ < 800 for
Re = 0.1. By comparing with the present numerical solution, the analytical approximation for K(¢)
given by [7a] does not have an exponential decay at large time. Thus, it cannot be qualitatively
accurate for very large time. It can be seen that Sano’s (1981) expression, Mei & Adrian’s (1992)
expression and the numerical result all exhibit a =2 decay in the intermediate time which is an
important feature. From a practical point of view, since the largest difference in K(z) between [7a,b]
and {38] for Re =0.1 is 0.015 at r = 3 and the difference exceeds 0.01 only for 0.5 < ¢ < 16, [7a]
does give a quite reliable estimate for K(¢) at Re =0.1 for flows with such strongly singular
acceleration.

Figure 3(a) shows a similar comparison at Re = 1 in log-log coordinates. Very similar behavior
is observed. A t~" decay (n ~ 2 or slightly larger) can be observed for 20 <t < 160 from the
finite-difference solution. The numerical result also exhibits an exponential decay of the history
force after ¢ ~ 160, as shown in figure 3(b).“Again, the size of the physical domain and the grid
size should not affect the qualitative behavior of the history force for ¢ < 400 because r; = 600. The
largest absolute difference between the prediction using [7a, b] and the finite-difference solution is
0.12 at ¢ = 0.4, with a relative error of 7%.

Figure 4(a) compares the history force for Re = 10 predicted using Sano’s expression [34], that
using the expression of Mei & Adrian [7a,b] and the finite-difference solution with
(re, ¢, N,) = (600, 0.642, 257). The initial decay of the history force is again ¢ =2, A t ~"decay (n ~ 2
or a little larger) is seen for 40 <t < 160. As shown clearly in figure 4(b), the history force starts
to decay exponentially at ¢t ~ 160. It is noted that Sano’s solution is supposedly valid for small Re
and is not expected to give close agreement with the finite-difference result for Re > 1. Comparing
it with the numerical result, it seems that Sano’s result is still quite good for Re = 10 for small and
intermediate time. Since Mei & Adrian’s expression takes the effect of finite Re into consideration,
it is expected to be approximately valid for finite Re. Figure 4 confirms this observation for small
and intermediate time. Figure 5 shows the computed and predicted history force for small and
intermediate time for Re = 40 using N, = 129 and (1, ¢, N,) = (100, 0.645, 129) for the intermediate
time computation. It is clear from figure 5(a) that K(¢) decays faster than ¢~ after 1 ~ 15 and the
decay is not algebraic. The exponential decay can be seen-in figure 5(b) for ¢t > 40. The agreement
between the analytical prediction and the numerical results can be considered quite good from a
practical point of view.

At Re =100, a “large” Reynolds number case, the history force behavior is more complex.
Figure 6(a) indicates that for ¢ < 0.03, K(¢) decays as ¢~'?, a classical result of Basset (1888). It
can be noticed that K(¢) decays at a slower rate near ¢ ~ 1.3 because the pressure force actually
increases slightly between ¢ = 1.3 to 2.8, while the frictional force is continuously decreasing. This
behavior was independent of the grid arrangement and time-step size. It is related to the expansion
of the separation bubble in the rear of the sphere. A rough curve fit of K(t) ~ ¢t ~°% may be used
to describe the decay of K(t) approximately for 0.06 < ¢ < 6. For 6 <t < 20, the history force
decays as K(z) ~0.754 exp(—0.17¢). As seen from figure 6(b), a much slower exponential decay
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is established as K(z) ~ 0.0184 exp(—0.00985¢) for ¢ > 80. A transition region between these two
exponential decays exists for 20 < ¢ < 80. From a practical point of view, the prediction using Mei
& Adrian’s (1992) expression would still give a reliable estimate at Re = 100 over a large range of
time, although exponential decay does not exist in the analytical prediction.

3.2.2. A step change from U,(0< U, <1)to U,=1

For a step change from U = U, to U = U, at finite Re, no known analyses exist to evaluate the
unsteady force for all times. The approximate expression of Mei & Adrian, [7a, b}, would be good
only if

M((]'
U,

Attention is paid to this case with U, > 0, because the effect of an existing steady velocity field at
Re, = U, 2a/v on the history force is not clear.

Figure 7(a) compares the history forces predicted using Basset’s (1888) solution, Mei & Adrian’s
expression and that computed using the finite-difference method for (a, Re) =(0.2,1). The
prediction using Odar & Hamilton’s expression is not shown because it is even not correct at very
small z. The numerical results presented here are based on the solutions obtained with
(rg, ¢, N,) = (600, 0.645, 129). As discussed previously, the numerical solution for the unsteady drag
in the initial transient is inaccurate, since the finite grid size cannot resolve the thin boundary layer
near ¢t ~ 0 caused by the sudden change in the vorticity. After a short period of the initial transient,
the analytical prediction agrees well with the numerical solution for both small and intermediate
time. A decay that is faster than =2 is observed for 7 <t < 200 in figure 7(a). The agreement
between the analytical prediction and the numerical results is better for « = 0.2 than that for o« =]
for t <200. Figure 7(b) shows that from ¢ > 160, the history force decays exponentially.
Furthermore, the decay rate is nearly the same as in the case of « = 1, since the two curves are
parallel to each other in the semi-log coordinates.

Figure 8(a) shows the history force for Re = 10 with « = 0.2 in log-log coordinates. The steady
flow field is obtained first for Re = 8 with (rg, ¢, N,) = (600, 0.642, 257). A step change is imposed
in the free-stream velocity, resulting in Re = 10 based on the new free-stream velocity. The history
force with a = 0.2 is qualitatively similar to that at Re = 10 with « = 1 for ¢ < 600. The exponential
decay at long time can be seen in figure 8(b). It may be noticed that a decay that is slightly faster
than a simple exponential decay exists for ¢ > 500. However, since the magnitude of the history
force at ¢t ~ 500 is so small, the faster decay is of little practical concern at such large time. It is
also seen that the analytical prediction using [7a, b] is satisfactory in comparison with the numerical
result.

(40}

3.3. Discussion

From the above comparisons for both U, =0 and U, >0, it can be concluded that the
history-force kernel at finite Re has the following gross features: (i) K(z) ~ ¢t ~'? for small time; (ii)
K(t) ~t™" (n = 2) for intermediate time; and (iii) K(t) ~ e™* at very large time. For small time,
an O(1) error is expected for K(f) because of the O(1) error in representing the quasi-steady force
by [3]. However, this error is small and not noticeable because K(t) ~¢~'2. It is seen that the
long-time exponential decay is observed in both the impulsively started motion and flows with a
step change in the free-stream velocity over an established steady flow. The existing steady flow
field does not affect the qualitative feature of the history force. This has the following implication.
For a particle in a turbulent fluid, any disturbance, say due to a strong turbulent eddy or due to
a shock wave, introduced at any instant of the motion will éventually decay exponentially.

It is interesting to note that Sano’s (1981) asymptotic solution does not predict an exponential
decay for the history force, while the present solution clearly shows the existence of such an
exponential decay at large time. Careful examination of figure 2(a) indicates that the difference
between his asymptotic solution and the present “exact” numerical solution is < 10-%at Re=0.1.
It is possible that the difference results from the high-order nonlinear interaction that is picked up
in the present numerical solution but is neglected in the asymptotic analysis which uses linearized
Navier—Stokes equations in the Stokes and the Oseen regions.
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From the above comparisons, [7a, b} give a reliable estimate for the history force even for
unsteady flows with a strongly singular acceleration. Combined with the studies reported in Mei
et al. (1991) and Mei (1993), it seems that the expression for the history-force kernel given by Mei
& Adrian (1992) can be used to evaluate the history force for small and intermediate time for
different kinds of unsteady flows. Equations [7a, b] should be useful for practical applications.
Basset’s (1888) expression is not recommended to evaluate the history force for order one or larger
values of Re at large time. The expressions of Odar & Hamilton (1964) grossly misrepresent the
history force and the added-mass force in the case of a sudden change in the velocity.

With [7a, b] tested satisfactorily for flows with sudden changes in the free-stream velocity, an
attempt was made, using [3]-[8] in a two-dimensional form, to predict the droplet trajectory as in
the experimental investigation of Temkin & Kim (1980). In the experiments of Temkin & Kim
(1980), the motions of the droplets are two-dimensional because the droplets were injected into a
horizontal shock tube with significant vertical velocity. It was found that the history force in the
form of [7a, b] contributes very little to the total force in {3] and causes no noticeable change in
the droplet velocity. If the Basset (1888) solution with z ~'2 decay is used in place of [7a, b], there
is a noticeable change in the droplet velocity because the decay is too slow. However, it is clearly
demonstrated in this investigation that the Basset solution is not correct and should not be used
in this case. A complete neglect of Fyy, F,\ and Fg yields almost identical results because the density
ratio of the droplet to the air is very large and the history force decays very fast according to [7a, b].
Thus, we cannot expect to use the experimental data of Temkin & Kim (1980) and Temkin & Mehta
(1982) to verify the proposed expression for the history force. It can also be said, based on the
present study, that the history force and the added-mass force should not be important factors in
the droplet motion investigated by Temkin & Kim (1980). Similar conclusions regarding the effect
of the added-mass force and the history force were reached by Linteris ef al. (1991) in their
investigation of the motions of droplets entering a horizontal air jet from above with a vertical
velocity equal to the terminal velocity of the droplet. Using [3]-[8], good agreements for the droplet
trajectory and velocity were achieved between the measurement (Temkin & Kim 1980) and the
present prediction only for cases with large fluid horizontal velocity (in comparison with the vertical
injection velocity), thus having relatively smaller wake effects but larger Re and We (Weber
number). However, these data were considered by Temkin & Kim (1980) as having too much
uncertainty due to the droplet deformation and shape oscillation [maximum We close to or
exceeding 0.15, a marginal value defined by Temkin & Kim (1980)]. Thus, the agreement may be
just fortuitous and the result is not reported here. The fact that Temkin & Kim (1980) deduced
a larger drag coefficient from most of the droplet trajectories with decelerating relative velocity
(between the droplet and the fluid) cannot be explained by the present particle dynamic equations
[3]-[8], because the dynamics is developed for single particles; while in Temkin & Kim (1980) the
wake of the droplet string may have complicated effects at finite Re.

4. CONCLUSIONS

Accurate finite-difference solutions are obtained for unsteady flows over a stationary sphere due
to sudden changes in the free-stream velocity for Re ranging from 0.1 to 100 over a large range
of time. An exponential decay of the history force is observed for large time for small and large
Re. The expression for unsteady drag proposed by Mei & Adrian (1992) is assessed. The expression
gives accurate predictions for the history force at small time for all Re investigated. For
intermediate time, the analytical prediction can be considered satisfactory.
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